We study the effects of curvature in the expansion of the logarithm of the differential elastic scattering cross section near t = 0 as dσ(s, t)/dt = dσ(s, 0)/dt × exp(Bt + Ct 2 + Dt 3 · · · ) in an eikonal model for pp andpp scattering, and use the results to discuss the extrapolation of measured differential cross sections and the slope parameters B to t = −q 2 = 0. We find that the curvature effects represented by the parameters C and D, while small, lead to significant changes in the forward slope parameter relative to that determined in a purely exponential fit, and to smaller but still significant changes in the forward elastic scattering and total cross sections. Curvature effects should therefore be considered in future analyses or reanalyses of the elastic scattering data.
uncertainties. Curvature effects should therefore be taken into account in future analyses or reanalyses of the elastic scattering data.
We note in this context that the detailed study of hadronic scattering amplitudes at small momentum transfers has a long history, and provides a potential window on new physics. Thresholds associated with the appearance of new phenomena, for example the opening of new spatial dimensions or the onset of new types of interactions, leave an imprint on the energy dependence of the forward scattering amplitudes that determine the total, elastic, and inelastic hadronic cross sections. While recent measurements at the LHC have convincingly reinforced earlier evidence that the pp andpp scattering amplitudes asymptotically approach those for black-disk scattering [4] and provide no evidence so far of new thresholds, detailed analysis of higher energy and higher precision data, with reliable extrapolation of the scattering amplitudes to t = 0, should be of great interest.
According to the treatment of the effects of Coulomb scattering at small momentum transfers by West and Yennie [5] and Cahn [2, 6] , we can write the differential elastic scattering amplitude for pp (orpp) scattering amplitude as the sum of Coulomb and hadronic parts, with the Coulomb part known. We are primarily interested in the hadronic or strong-interaction part of the scattering, but will include the Coulomb effects in our later analyses of high energy experiments. For simplicity, we concentrate now on the purely hadronic effects and take f (s, t) as the hadronic part of the scattering amplitude.
We begin with the general expression for this part of the scattering amplitude written in an impact parameter representation,
The hadronic part of the differential elastic scattering cross section is then
Here s = W 2 = 4(p 2 +m 2 ) is the square of the total energy in the center of mass (c.m.) system, p is the c.m. momentum of either incident particle, b = j(j + 1) p where j is the partial-wave angular momentum, and t = −2p 2 (1 − cos θ) is the invariant 4-momentum transfer for elastic scattering at the angle θ.
We will write the complex eikonal function χ(s, b) as χ = χ R + iχ I ; note that some other papers use different conventions, e.g., [7, 8] . With this convention, the total hadronic scattering cross section is σ tot (s) = 4πImf (s, 0) = 4π
We will assume that the momentum-transfer dependence of the differential cross section dσ(s, t)/dt ≡ dσ(W, q 2 )/dq 2 at the center-of-mass energy W = √ s can be parametrized for q 2 = −t near zero as an exponential, 
where, in Eq. (5), we have switched from t to q 2 = |t| = 2p 2 (1 − cos θ) as the variable to eliminate the overall sign of t in the physical region. B is the forward slope parameter. We will call C, D, and higher order terms collectively 'curvature parameters,' and will also parametrize the forward cross section dσ/dq 2 | q 2 =0 (in mb/GeV 2 ) as exp (A). Then ln(dσ/dq 2 ) = A − Bq 2 + Cq 4 + · · · . Unfortunately, the values of dσ(W, 0)/dq 2 , B, C, and the higher derivatives of ln(dσ/dq 2 ) at q 2 = 0 are not directly accessible in experiment: the values quoted by experimenters are obtained by fitting data on dσ/dq 2 over a range of q 2 near zero using an expression of the form in Eq. (5). It is not immediately clear how many terms should be included in the exponent, or how the range of t or q 2 should be restricted to get reliable results. It is common, in fact, to assume that dσ/dq 2 is purely exponential at small q 2 and use the fitted result to determine B and dσ(W, 0)/dq 2 . We therefore turn here to the calculation of the slope, curvature, and other parameters at non-zero values of q 2 where they can be determined directly, and then use these theoretical results to determine how fits to experiment of the type above can be extrapolated q 2 = 0. The presence of curvature in dσ/dq 2 at small q 2 has been established at 8 TeV by the TOTEM group [1] . It had already been seen at lower energies-see [2] for a discussion.
II. DERIVATION OF THE DIFFERENTIAL PARAMETERS
To obtain series expansions for the logarithm of dσ/dq 2 about a point q 2 0 ≥ 0, we start with the general expression for the complex scattering amplitude f (W,
and expand the Bessel functions in Taylor series about the point q = q 0 using the expression
We next define the amplitudes
With these definitions,
We note that dσ(W, q 
where M I k and M R k are the normalized integrals
The exponential factor in Eq. (13) 
The argument of the exponential in Eq. (16) gives the expansion of the logarithm of the ratio of dσ/dq 2 at q 2 to its value at q 2 0 , hence, the expressions we want for the logarithmic slope, curvature, and higher coefficients at q 2 0 . In particular,
These expression simplify considerably if the real part of the scattering amplitude is small enough to neglect. Then M We have used the detailed eikonal model of high-energy pp andpp scattering we discussed in [3] to study the behavior and importance of the differential parameters B, C, and D in those processes. The model provides a comprehensive description of the pp andpp scattering cross sections σ tot , σ elas , σ inel , and dσ/dq 2 , the ratios ρ = Re f (s, 0)/Im f (s, 0) of the real to the imaginary parts of the forward scattering amplitudes, and the slope parameters B as determined in experiments over the energy range 10 GeV to 57 TeV. Our fit to the extensive high-energy data is very good, with a χ 2 of 173 for 157 degrees of freedom; we believe it is sufficiently accurate for present purposes. We show our calculated values of B, C, and D in Fig. 1 as functions of the local momentum transfer q 2 0 for centerof-mass energies of 100, 1000, and 7000 GeV. We also show the results we obtain neglecting the contributions of the real part of the scattering amplitude in Eqs. (17)-(19) which leads to considerable simplifications. While this is a reasonable approximation for determining the overall behavior of B, C, and D at small values of q 2 0 , we find that even the small errors in B are on the order of the experimental uncertainties in that quantity. We will therefore use the full expressions in what follows.
The effects of the real part on all the parameters grow at larger values of q 2 0 close to the first diffraction zero in the imaginary part of the scattering amplitude. The approach of the diffraction zero is especially evident in the local curvature C, which changes sign from positive to negative at decreasing values of q 2 0 as the energy increases. This effect was noted in [2] , where the change in sign of C was taken as a sign of the approach to the black-disk limit of the scattering.
In order to extract the forward slope parameter B ≡ B(0) and the forward differential cross section dσ/dq
from measured differential cross sections, experimenters typically analyze their data using the simple exponential form
to describe the purely hadronic part of the scattering, plus additional terms which describe the effects of Coulomb scattering and Coulomb-hadronic interference [2, 5, 6] . The forward slope parameter B and cross section dσ/dq
= e A are then determined by fitting the data on dσ/dq 2 over ranges of q 2 as close as possible to the forward direction q 2 = 0. A question immediately arises as to the accuracy of this procedure: the effective values of A and B presumably correspond to local values at a q 2 0 somewhere near the middle of the experimental interval, not q 2 = 0, and the possible effects of the curvature terms are ignored. In Fig. 2 we show the effects of the latter as obtained in the eikonal model of [3] at W = 1000 and 7000 GeV, regions of considerable experimental interest. The results at lower energies are similar.
The curves in Fig. 2 show the ratios
in the successive approximations of including only the B term, the B and C terms, and the B, C, and D terms, compared to the exact results of the model. The individual curves seem, over limited ranges of q 2 in a semi-logarithmic plot, to be nearly exponential, but the effects of the curvature terms are clearly important since the local slopes differ noticeably from the constant forward slope B. For reference, the ranges of q 2 used in the analyses of the TOTEM data at 8000 GeV [1] , the ATLAS data at 7000 GeV [9] , and the E710 data at 1800 GeV [10] [11] [12] are q 2 = 0.029-0.19 GeV 2 , 0.01-0.1 GeV 2 , and 0.02-0.08 GeV 2 , ranges for which the deviations of the apparent slopes from B(0) are noticeable.
We show these effects in a different way in Fig. 3 where we plot the same ratios of cross sections, but with the dominant, exponentially decreasing factor e −Bq 2 divided out. The figure shows clearly the relatively large corrections to the simple exponential form of the cross section associated with the curvature term C, and with C plus D. The size of these corrections is suppressed in a standard semi-logarithmic plot of the differential cross section such as Fig. 2 .
The C and D (and higher) terms affect the local slope of ln(dσ/dq 2 ). In terms of the series expansion of ln(dσ/dq 2 ) around q 2 = 0, Plots of the ratios of the cross sections dσ/dq 2 to the forward cross sections at 1000 GeV and 7000 GeV obtained in the approximations of purely exponential behavior exp(−Bq 2 ) near q 2 = 0 (bottom red curves), and including the additional terms +Cq 4 (top blue curves) and −Dq 6 (central purple curves) in the expansion of the exponent using the values of B, C, and D at q 2 = 0 obtained in the eikonal fit to the high-energy pp andpp data in [3] . The exact results for the ratios are shown as black dots.
The local slope is just the tangent to the cross section curve in Fig. 2 at q 2 0 , and as such, is approximately the slope we would find in a fit to that curve over an interval around q As we will see in the next section, the corrections to B are small, but still significant for the ranges of q 2 typical in experiments at high energies. We also see from the deviation of the exact results in Fig. 3 from the curves in that figure that higher-order terms need to be included in the series expansion of ln(dσ/dq 2 ) at the higher values of q 2 shown, with ln(dσ/dq 2 ) = A − Bq 2 + Cq 4 − Dq 6 + Eq 8 − · · · . However, it is not clear that this would be useful since the series apparently converges slowly. We will instead restrict the range of q 2 used in our analysis of experimental data in the next section to that where the deviations are small enough to ignore. × exp(−Bq 2 ) (black dots) at 1000 and 7000 GeV compared to the leading approximations for those ratios, exp(+Cq 4 ) (dashed blue curves) and exp(+Cq 4 − Dq 6 ) (solid purple curves), in an expansion of ln(dσ/dq 2 ) about q 2 = 0. The cross sections and the expansion coefficients B, C and D were obtained using the eikonal fit to the high-energy pp andpp data in [3] .
IV. APPLICATIONS TO EXPERIMENT
A. Fits to the differential cross sections
In this section, we will apply the results above to the analysis of pp scattering at the CERN Intersecting Storage Rings (ISR) at 52.8 GeV,pp scattering in experiment E710 at the Fermilab Tevatron at 1800 GeV, and pp scattering at the Large Hadron Collider at 7000 GeV (ATLAS-ALFA) and 8000 GeV (TOTEM). We find that the effects of the curvature-type terms C and D on simple exponential fits change the fitted values of B and the forward differential cross section by small but significant amounts, and discuss the implications for derived values of the total cross sections. We emphasize that our analyses are based on straightforward least squares fits to the rather precise data at those energies using only the quoted statistical errors for the different experiments; definitive (re)analyses of these and other experiments will be left to the respective experimental groups.
The results in the previous section show that the effects of the C and D terms on the differential pp andpp cross sections are significant in the range of q 2 typically used in analyses of high energy data, changing the calculated cross sections by up to ≈ 10% (30%) for q 2 = 0.1 (0.2) GeV 2 relative to the simple exponential form dσ/dq 2 = exp (A − Bq 2 ) with the correct values of A and B; this is shown in Fig. 3 . The problem, given an exponential fit to experimental data over some range of non-zero q 2 , is one of extrapolation to q 2 = 0 to obtain the correct values of the forward parameters A and B. The difference between the exact ratio of the differential cross section dσ/dq 2 at q 2 to its value at q 2 = 0, and the approximate expression exp(−Bq 2 + Cq 4 − Dq 6 ) for that ratio at 8000 GeV (solid blue curve), compared to the ratios of the experimental statistical errors in the cross section to the forward cross section for representative TOTEM points [1] . The cross section and the coefficients B, C, and D were calculated using the eikonal fit to the high-energy pp andpp data in [3] .
We cannot use the eikonal model of [3] directly in the extrapolation of individual results. It is the result of a very good comprehensive fit to the experimental cross section data from 10 GeV to 57 TeV, but not all experimental results agree. Further, the fitted values of B, ρ, and the cross sections have themselves been determined over various, often differing, ranges of q 2 with the curvature terms generally neglected, so do not correspond to their properly-extrapolated values, and we can anticipate small future changes in the eikonal.
As shown above, the extended exponential form which includes the C and D terms in the expansion of ln(dσ/dq 2 ) gives an excellent fit to the exact eikonal results for q 2 sufficiently small, so should work quite generally; we will use this form in the following analysis. We find that is generally not possible to determine all four parameters A, . . . , D in fits to individual data sets because of the statistical limitations of the data and the smallness of the curvature corrections. We are primarily interested in A and B in any case. We will therefore adopt a hybrid approach, keep A and B as free parameters, and take C and D from the eikonal fit in [3] . We believe this should give reliable results given the overall success of the eikonal model and the smallness of the curvature corrections; errors in the latter should be considerably suppressed in the final results.
The results in Fig. 3 suggest that we should restrict our analysis to values of q 2 0.1 GeV 2 where the deviations of our extended exponential model from the exact results for the cross sections are very small, 0.5%. We note that those deviations grow rapidly at larger q 2 . We should also require that the deviations be small relative to the statistical errors in the cross sections we are attempting to fit so that the deviations do not bias the fit. As seen in Fig. 4 , this leads to essentially the same restriction, q 2 0.1 GeV 2 , in the case of the TOTEM data.
[15] There was no further restriction for the ISR [13] , E710 [10] [11] [12] , or ATLAS [9] data used in our analysis. We have adopted the restriction q 2 ≤ 0.1 GeV 2 in our fitting procedure. We used the form of the hadronic cross section in Eq. (5), with C and D taken from our eikonal results, to reanalyze the accurate ISR data at 52.8 GeV over the range 0.001 ≤ q 2 ≤ 0.055 GeV 2 [13] , the E710 data at 1800 GeV over the range 0.0339 ≤ q 2 ≤ 0.103 GeV 2 [10] [11] [12] , the ATLAS data 7000 GeV over the range 0.011 ≤ q 2 ≤ 0.0959 GeV 2 [9] , and the TOTEM data at 8000 GeV over the range 0.027 ≤ q 2 ≤ 0.103 GeV 2 [1] , using the statistical uncertainties quoted in those references in a least squares fit. We included the Coulomb scattering corrections and the Coulomb-hadronic interference terms [2, 6] in all cases even though they are small at the highest energies where the data do not extend to the very small values of q 2 necessary to see the Coulomb peak directly.
We summarize the results of our fits in Table I , and show the fits to dσ/dq 2 for the ATLAS data at 7000 GeV and the ISR data at 52.8 GeV in Fig. 5 in conventional semi-logarithmic Fits to the differential pp elastic scattering cross sections dσ/dq 2 = dσ/d|t| for the ATLAS data at 7000 GeV [9] and the ISR data at 52.8 GeV [13] . The values of the curvature terms C and D in the series expansion of the hadronic contribution to ln(dσ/dq 2 were taken from the overall eikonal fit to the high-energy pp andpp data in [3] . The effects of the Coulomb interactions between the protons at small momentum transfers were included as described in the ATLAS and ISR papers.
We find from Table I that the inclusion of the C and D terms, without any adjustment, improves the fits relative to the simple exponential fits in every case as indicated by the changes in the χ 2 , substantially so for the more precise TOTEM and ATLAS data. We take this as strong evidence for the presence of curvature in the differential cross sections.
With the unlikelihood of a purely exponential behavior established, we can eliminate that possibility and apply the sieve procedure of Block [14] to the favored model with curvature in dσ/dq 2 . This procedure allows us to identify and eliminate possible outlying datum points relative to the behavior allowed in model. The details of the sieve procedure are given in the appendix to [14] .
We used this procedure with ∆ max = 6 [14] and found 1 outlier in the TOTEM data, 1 in the ATLAS data, none in the E710 data, and 2 in the ISR data. Eliminating those points led to substantial reductions in the χ 2 for those fits, with only very small changes in the fitted parameters, all well within the uncertainties given in Table I . However, since we have not included systematic uncertainties in our analysis, only the statistical errors in the data, we will not The results of our fits the data of the TOTEM [1] , ATLAS [9] , E710 [10] [11] [12] , and IRS [13] experiments at 8000, 7000, 1800, and 52.8 GeV, respectively. Aexp and Bexp are the results of purely exponential fits to the hadronic part of the differential elastic scattering cross section, with dσexp/dq 2 = exp(Aexp − Bexpq 2 ). The Coulomb and Coulomb-hadronic interference contributions to the scattering were included in the fit. A and B are the corresponding parameters in fits which included the curvature parameters C and D, with dσ/dq 2 = exp(A − Bq 2 + Cq 4 − Dq 6 ). These were calculated using the comprehensive eikonal fit to the high energy pp andpp data in [3] . use this refinement here and will use the parameters in Table I in the following. We show our results for the higher energy data in a different way in Fig. 6 . There we plot the difference between cross sections dσ/dq 2 calculated for the final fit with the curvature effects included, and the simple exponential fit, all divided by the the cross section calculated for the exponential fit. The effects of the curvature terms are clearly evident in the theoretical curves, as is the improvement in the fits relative to the data when these are included. All the datum points in the q 2 intervals used are shown. For reference, the points identified as potential outliers at 7000 and 8000 GeV through the sieve procedure are distinguished by large open symbols, but, as noted, these points were still used in making our fits and have only a minor effect on the results.
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B. Changes in the total cross sections and slope parameters
In most analyses of high-energy pp andpp elastic scattering, the hadronic part of the near-forward differential cross section dσ(W, q 2 )/dq 2 has been approximated as the exponential exp(A exp − B exp q 2 ). The forward cross section dσ(W, 0)/dq 2 in mb/GeV 2 is then just exp(A exp ), while the forward slope parameter is B exp . With the curvature effects included, A exp → A and B exp → B as in Table I .
The forward cross section is of particular interest since
where ρ is the ratio of the real to the imaginary part of the forward scattering amplitude, measurable through Coulomb-hadronic interference effects, and σ tot is the total cross section. This relation provides a measurement of σ tot if ρ and the forward cross section are known. Using the results in Table I , we find the fractional changes in the slope parameter and total cross sections given in Table II . We find that the changes in the slope parameter relative to a purely exponential fit are quite significant at all the energies considered, with the final value of B always several percent larger than the initial value obtained for an exponential fit in the range of energies shown. This is to be expected. The net curvature corrections to the cross section are positive for the values of q 2 in question. This causes the actual differential cross section to curve upward away from the exponential fit as q 2 increases, and reduces the average slope found in the exponential fit. The expression in Eq. 
for the fractional change in the slope in the extrapolation from q 2 0 to q 2 = 0. If we identify B(q 2 0 ) with the slope B exp found in the exponential fit, we find that q 2 0 should be about 4/10 of the way along the q 2 interval to match the ratios in Table II , that is, at q . This shift to a point below the center of the interval is again to be expected because the cross section curve steepens as q 2 decreases, shifting the point at which B exp and the local slope-the slope of the tangent curve--match to smaller q 2 . We plot the ratios B/B exp from Table II at the points q 2 0 specified above in Fig. 7 , along with the the ratio curves for B/B(q 2 ) calculated using the eikonal model of [3] . The agreement is good. We conclude that changes of several [9] , and E710 [10] [11] [12] data at 8000, 7000, and 1800 GeV, respectively. The reference cross section was a purely exponential fit to the data with dσexp/dq 2 = e A−Bq 2 , and corresponds in the figure to the horizontal line at 0. The final fits (solid red curves) included the curvature terms +Cq 4 and −Dq 6 in the exponent with the values of C and D at q 2 = 0 taken from the eikonal model in [3] ; A and B were determined in the fit. Only the quoted statistical uncertainties were used in the fit; these are shown in the figure. The points at 7000 and 8000 GeV identified as potential outliers in a sieve analysis are indicated by large open symbols; these were used in the fit.
percent in the values of the forward slope parameter B relative to the values determined in an exponential fit are to expected, with the magnitudes of the changes dependent on both the energy and the interval in q 2 used in the fit. Our final value of B at 8000 GeV in Table I agrees very well with the value obtained by the TOTEM experiment in an analysis which included a fit to the C and D parameters, B = 20.14 ± 0.15 GeV −2 [1] . Our values of B at 7000, 1800, and 52.8 GeV are higher than the experimental values obtained with purely exponential fits to the hadronic parts of the differential cross sections, but are reproduced within the experimental uncertainties by multiplying the latter by the factors B/B exp in Table II. We see from Table II that the changes in the forward differential cross sections, given by the ratios exp (A)/ exp (A exp ), are considerably smaller than the changes in the slope parameter B. This is again an effect of the curvature: the exponential least-squares fit must cut across the positively curved data in order to minimize the total χ 2 . This increases the value of A exp , reducing its difference from A. This effect is evident in figure Fig. 6 , where The fractional changes in the forward differential cross section dσ/dq 2 | q 2 =0 = exp A and the slope parameter B obtained in fits to the data at 8000 [1] , 7000 [9] , 1800 [10] , and 52.8 GeV [13] over the q 2 intervals shown when the curvature terms C and D are included, relative to purely exponential fits. The values of C and D were calculated using the eikonal fit to the high energy pp andpp data in [3] . The final columns show the ρ values used in converting the forward cross section to the total cross section σ, and the final results for the latter with their purely statistical uncertainties. the exponential fit corresponds to the horizontal curve at zero. The changes in the total cross sections, which appear squared in Eq. (23), are only half those in the forward cross sections. We give the resulting cross sections in Table II for the values of the ratio ρ of the real to the imaginary part of the forward scattering amplitudes determined in [3] . The uncertainties listed for the cross sections are only statistical.
Our results for the total cross sections agree well with the published results: 101.9 ± 2.1 mb for the TOTEM [1] , 95.35 ± 1.30 mb for ATLAS [9] , 72.1 ± 3.3 mb for E710 [11] , and 43.38 ± 0.15 mb for the ISR [13] experiments. With the expected small curvature corrections included, these become 96.3 ± 1.30 mb, 73.9 ± 3.3 mb, and 43.47 ± 0.154 mb for ATLAS, E710, and the ISR, respectively. The TOTEM analysis already included curvature.
V. CONCLUSIONS
We have investigated the effects of curvature on the pp andpp cross sections at high energies (> 30 GeV) using an eikonal model fitted to the combined data on σ tot , σ elas , σ inel , ρ, and the forward slope parameter B. We find that the effects are small but significant, leading to changes in B, the forward cross section dσ(W, 0)/dq 2 , and through the latter to σ tot . The changes to B in particular are well outside the quoted experimental uncertainties.
It is our conclusion that the effects of curvature in the small-t differential cross sections should be included in fits to new data, and in reanalyses of existing data. While the existing data are generally not precise enough to determine the curvature terms in ln(dσ/dt) directly, we find that a hybrid approach in which those small terms are taken from the eikonal model and only the forward cross section and the slope parameter are adjusted at small t leads to improvements relative to the existing results. We note also that the fitting should generally be restricted to the range |t| 0.1 GeV 2 as curvature effects become large and increasingly uncertain at larger values of |t|.
